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EVOLUTION VARIATIONAL INEQUALITY AND WASSERSTEIN 
CONTROL IN VARIABLE CURVATURE CONTEXT 

CHRISTIAN KETTERER 


Abstract. In this note we continue the analysis of metric measure space 
with variable lower Ricci curvature bounds. First, we study (/t, A’)-convex 
functions on metric spaces where k is a lower semi-continuous function, and 
gradient flow curves in the sense of a new evolution variational inequality that 
captures the information that is provided by k,. Then, in the spirit of pre¬ 
vious work by Erbar, Kuwada and Sturm |EKS15| we introduce an entropic 
curvature-dimension condition CD^(k,, N) for metric measure spaces and lower 
semi-continuous k,. This condition is stable with respect to Gromov conver¬ 
gence and we show that is equivalent to the reduced curvature-dimension con¬ 
dition CD* (k,, N) provided the space is essentially non-branching. Finally, we 
introduce a Riemannian curvature-dimension condition in terms of an evolu¬ 
tion variational inequality on the Wasserstein space. A consequence is a new 
differential Wasserstein contraction estimate. 


Contents 

1. Introduction 

2. Preliminaries 

3. (k, iV)-convex function and EVI gradient flow curves 

4. Reduced and entropic curvature dimension condition 

5. Riemannian curvature-dimension condition 

6. Wasserstein contraction 
References 


1 

3 

I 

13 

18 

22 

26 


1. Introduction 

In [Ket] the author introduces a curvature-dimension condition CD{k,N) for 
a metric measure space (A, dx, m^) in terms of displacement convexity on the 
L^-Wasserstein space where /c : A —>■ R is a lower semi-continuous function and 
N G [l,oo). If K is constant, the condition is precisely the definition that was pro¬ 
posed by Lott, Sturm and Villani in [Stu06a[ [Stu06bl ILV091 IVil09) . The condition 
CD{k, N) has geometric consequences as a generalized Bishop-Gromov estimates 
and a generalized Bonnet-Myers theorem. But it cannot recognize Riemannian- 
type spaces which are characterized by linearity of the induced heat flow of their 
Cheeger energy. In the context of constant lower curvature bounds this obstacle 
was resolved by Ambrosio, Gigli and Savare in |AGS14a1IAGS14b] who showed that 
displacement convexity in combination with linearity of the heat flow is equivalent 
to the existence of gradient flow curves in the sense of an evolution variational 
inequality {EVI) for the Boltzmann Entropy on the L^-Wasserstein. 
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There are two important extensions of this idea. On the one hand, Erbar, 
Kuwada and Sturm [EKSlhj introduce a finite dimensional version of the EVI- 
formula to define a Riemannian curvature-dimension condition. As part of their 
program they also introduce a so-called entropic curvature-dimension eonditon that 
is a more PD E-friendly modification of the original CD-condition. On the other 
hand, Sturm |Stu) defines EE/K-gradient flow curves where k is a lower semi- 
continuous function. He proves several implications and equivalences, and also 
stability of this concept under measured Gromov convergence. 

In this note we introduce a Riemannian curvature-dimension condition for vari¬ 
able lower curvature bounds. For this purpose, we study (k, A)-convex functions on 
metric spaces where : A —>■ K is lower semi-continuous. We use a new character¬ 
ization of (k, 7V)-convexity in terms of an integrated inequality [Ket] that involves 
so-called generalized distortion coefficients cr^*' lDefintion l3.41 Defintion l3.14|) . Pro¬ 
vided the metric space (A, d^) admits a first variation formula, we can deduce an 
evolution variational inequality for gradient flow curves of (k, A)-convex functions. 
More precisely, we say that an absolutely continuous curve (a;s)se(o.oo) is an EVIk,,n 
gradient flow curve of / starting in a:o G A if lims_).o Xg = Xq, and if for all z G E(f) 
there exists a constant speed geodesic : [0,1] —>• A between Xg and z such that 
the evolution variational inequality 


(1) 




pt) 


dt 


,/n 


(iri)|t=o 


Un{z) 

UN{Xg) 


holds for a.e. s > 0 where Un{x) = e ^. By monotonicity of the derivatives of the 
distortion coefficients at 0 and 1 the evolution variational inequality m is consistent 
with the previous versions of evolution variational inequalities by Ambrosio, Gigli, 
and Savare and by Erbar, Kuwada and Sturm. Furthermore, an EE/„_;v-gradient 
flow is also an EEE-gradient flow in the sense of Sturm iLemma I3.27|l . In the 
special case of constant k our EE/-inequality becomes the one in [EKSI5) (Remark 
13.231) . In addition, we prove that the existence of EE/^jy-gradient curves yields 
strong (k, A)-convexity fTheorem l3.28l) . 

Then, we use this idea in the context of the E^-Wasserstein space and the Boltz¬ 
mann Entropy over some metric measure space (A, d^, mx). In the spirit of Er¬ 
bar, Kuwada and Sturm we introduce an entropic curvature-dimension eonditon 
CD^{k, N). More precisely, a metric measure space (A, dx,mx) satifies the en¬ 
tropic curvature-dimension condition for some admissible function k and A > 0 if 
for any pair /roiMi G E(Ent) with compact support there exists a E^-Wasserstein 
geodesic H between and such that for all t G [0,1] 

UNipt) > 


where Un{p.) = e w (et),tn = /i^, 0 = tE 2 (^o,Mi) and 


Kn(t0)0^ = y K(e4(7)|7pdn(7). 


We show that the condition CD^ is stable under measured Gromov convergence 
and that is equivalent to the reduced curvature-dimension condition CD*(k, N) 
[Ket] provided a non-branching assumption is satisfied. Moreover, the entropic 
curvature-dimension condition already implies local compactness and finite Haus- 
dorff dimension of the underlying metric measure space. 
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Then, we introduce a Riemannian curvature-dimension that is defined via combi¬ 
nation of the entropic curvature-dimension condition and linearity of the heat flow. 
We show that the Riemannian curvature-dimension condition can be characterized 
by the existence of Wasserstein EVIgradient flow curves that is a straight¬ 
forward modification of inequality (H]) in Wasserstein space context (Theorem 15.71) . 
Furthermore, the Riemannian curvature-dimension condition is stable w.r.t. mea¬ 
sured Gromov convergence (Theorem 15.8p . Hence, these spaces arise naturally as 
non-smooth limit spaces of Riemannian manifolds (Corollarv l5.9l) . By monotonicity 
an EVIk,n gradient flow curve is also an i?R/K-gradient flow curve in the sense of 
Sturm |Stu| . The latter implies the following contraction estimate. Let H® be the 
unique L^-Wasserstein geodesic between and u®. Then the following contraction 
estimate holds 



We also show differential contraction estimates for iV < oo that imply previous 
differential control estimates (Theorem 16.41) . 

In section 2 we recall some important preliminaries on metric measure space and 
Wasserstein geometry. In section 3 introduce generalized distortion coefficients, 
(k, A^)-convexity on metric spaces, the evolution variational inequality, and prove 
several implications. In section 4 we introduce the entropic curvature-dimension 
condition for variable lower curvature bounds, and prove equivalence with the re¬ 
duced curvature-dimension condition in the context of essentially non-branching 
metric measure spaces. In section 5 we define Wasserstein-FT//K^^-gradient flow 
curves that characterize a Riemannian curvature dimension condition. In section 6 
we deduce differential contraction estimates. 


2. Preliminaries 


Definition 2.1 (Metric measure space). Let (X, dx) be a complete and separable 
metric space, and let mx be a locally finite Borel measure on (X, dx). That is, 
for dll X & X there exists r > 0 such that u\x{Br{x)) G (0,oo). Let Ox and Bx 
be the topology of open sets and the family of Borel sets, respectively. A triple 
(A,dx,mx) will be called metric measure space. We assume that mx(A) ^ 0. 

(A,dx) is called length space if <lx{x,y) = infL( 7 ) for all x,y G A, where the 
infimum runs over all rectifiable curves 7 in A connecting x and y. (A, dx) is 
called geodesic space if every two points x,y € X are connected by a curve 7 such 
that dx{x,y) = L( 7 ). Distance minimizing curves of constant speed are called 
geodesics. A length space, which is complete and locally compact, is a geodesic 
space and proper ( [BBIOIl Theorem 2.5.23 ]). Rectifiable curves always admit 
a reparametrization proportional to arc length, and therefore become Lipschitz 
curves. In general, we assume that a geodesic 7 : [0,1] —>■ A is parametrized pro¬ 
portional to its length. The set of all such geodesics 7 : [0,1] —>■ A is denoted with 
G{X) and the set of all Lipschitz curves 7 : [0,1] —>■ A parametrized proportional to 
arc-length is denoted with CC{X). G(X) and CC{X) are equipped with the topol¬ 
ogy that is induced by uniform convergence. More precisely, we always consider 
the distance doo( 7 , 7 ) = suptg[o_i] \ j{t) - 7 (t)|. 
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Let V 2 {X) be the L^-Wasserstein space over (X,dx) equipped with the L?- 
Wasserstein distance W 2 . The subspace of absolutely continuous probability mea¬ 
sure with respect to mx is denoted by P 2 (hix)- Recall that a dynamical optimal 
coupling between /iqi /^i G 'P 2 {X) is a probability measure If oti'P{Q{X)) such that 
(eo, ei)*n is an optimal coupling of po and /ii. Then, the curve t G [0, 1]^ pit = 
(et)*n is a geodesic in V 2 {X) with respect to W 2 . Moreover, for each geodesic p,t 
in 'P 2 {X) there exists a dynamical optimal plan If. In rest of the article, we will 
not distinguish between pt and the corresponding probability measure H on'P{X). 


3. (k, 7V)-convex function and EVI gradient flow curves 


Theorem 3.1 (J. C. F. Sturm’s comparison theorem). Let k,k' : [a, 6] —>■ K &e 
continuous function such that k' > k on [a, b] and Sk> > 0 on (a, b]. Then Sk > Sk' 
on [a, b]. 

A generalization of the previous theorem is the following result. 


Theorem 3.2 (Sturm-Picone oscillation theorem). Let k,k' : [ 0 , 6 ] —>■ R &e contin¬ 
uous such that k' > K on [a, 6]. Let u and v be solutions of (0) with respect to k 
and k' respectively. If u{a) = u{b) = 0 and u > 0 on (a, b), then either u = Xv for 
some X > 0 or there exists xi G (a, 6 ) such that v{xi) = 0. 


Definition 3.3 (generalized sin-functions). Let k : [0, L] —?► R be a continuous 
function. The generalized sin function : [0,L] —>■ R is the unique solution of 

( 2 ) v" Kv = Q. 

such that Sk( 0) = 0 and s(,(0) = 1. The generalized cos-function is c„ = 5 '^. 


Definition 3.4 (generalized distortion coefficients). Consider k : [0,L] —R that 
is continuous and 0 G [0,L]. Then 

^(0(0) = Iif > 0 for all t G (0,0] 

1 00 otherwise . 

If cr^f\0) < 00 , t I—>■ crf^id) is a solution of 

(3) u"{t) K{t9)6^u{t) = 0 


satisfying m( 0) = 0 and m( 1) = 1. We set cr),0(l) = tr)*'. Then = crj^g 2 - 


If K : [0, L] —>■ R is just lower semi-continuous, we can extend the previous definition 
in the following way. Define bounded continuous functions by 


( 4 ) 


K,n{x) = min 


min , 

ye[o,L] 


y\},n 


n G N. 


The sequence (k„) is montone increasing and converges pointwise to k. Then, 
(jm ( 0 ) ig monotone increasing we define the generalized distortion coefficient with 
respect to k by 


CT™(0) = lim cr)f>(0) G [0,oo]. 


Lemma 3.5 ( |Ket ) ). Let K : [0, L] — > R be lower semi-continuous and 9 G [0, L\. If 
o'k°\9) = 00 for some to G (0,1) then ct)-*^(0) = 00 for any t G (0,1). 

In particular, either one has tr^*' (0) < 00 for any t G (0,1) and 

=s«(t0)/s«(0) 
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where 5^(9) ^ 0, or crj:.^(0) = oo. Here, Sk ■ [0,0] —?► R is the pointwise limit of the 
drecreasing sequence : [0, 0] —>■ M. 

Remark 3.6. is upper semi-continuous. Whence, o'k\0) < oo is upper semi- 
continuous in t. On the other hand, (0) is the limit of an non-decreasing sequence 
of continuous function. Therefore, (0) < oo is continuous, and the sequence in 

(Ill) converges uniformily. The definition of o'I.'(0) does not depend on the increasing 
sequence that converges pointwise to k. 

Lemma 3.7. If a‘f''{0) < oo, we have 

[ gis,t)0‘^Ko-f{s)a'-,f^{0)ds + t. 

Jo 

with g(s, t) beeing the Green function of [0,1]. 


Proof. If K is continuous, this is clear. If k is lower semi-continuous, we can choose 
t Then cr].*^ (0) t ' (^) uniformily as n —>■ oo by Dini’s theorem. Then 


[ g{s,t)0^ no ^{s)a]f'{0)ds = lim [ g{s,t)9^ k o ^(s)a'f\0) A Mds 
Jo M^CoJg 

— lim lim / g{s,t)9‘^ Kn o {0) A Mds 

M^oon^oo Jq ^ 

(5) < lim inf [ g{s, t)0‘^Kn o 7 ( 5 ) 0 "^' {0)ds = (0) + t < 00 

n^oo Jq 


where t is fixed and M > 0. Hence, g{s,t)0'^Ko^[s)a''f'‘{0) is integrable in s € [0,1]. 
If we apply the theorem of dominated convergence to g{s,t)0^Kn o 7(5 we 

obtain equality in (l5|). □ 


Proposition 3.8 ( |Ket ) ). o'’J^{0) is non-decreasing with respect to k : [0,0] -A R.. 
More precisely 

k{x) > k!{x) \/x G [0, 0] implies <y^Jf{0) > o-^*^(0) Vt £ [0,1]. 


Lemma 3.9. Let Ki,K : [0, L] —>■ R 6e lower semi-continuous, such that 

lim inf (x) > k{x) 

2—^00 

for any x £ [0,L]. Then hminfi_>oo o'k} {0) > o'k^(0) for any t £ [0,1]. 


Proof. First, we assume that any distortion coefficient is finite. Let e > 0, and let 
io £ N such that for each i > io 

Ki{x) > k{x) — e > Kn — e 

for each x £ [0,L] and as before. By monotonicity, we have 

liminfaW(0) > aW,(0) 

2^00 

for each t £ [ 0 , 1 ]. is a sequence of monotone increasing continuous functions 
converging to k. Then, by stability of CTk ^ with respect to uniform change of k, for 
each (5 > 0 there exists e > 0 such that 

= lim < lim cri‘j_,( 0 ) -h <5 < cri^l,(0) + S < lim inf ( 0 ) -h 5 

n—¥(yD n—^00 i—^oo 
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where the hrst equality is the definition of (0) and the first inequality is con¬ 
tinuity with respect to uniform changes of Kn- The only case that is left is when 
cr^*'(0) = oo. But then by monotonicity it follows for a subsequence that Ki f k. 
From that we can deduce that limi_>oo {0) = oo for any t G [0,1] by comparison 
the coefficients w.r.t. Ki and with the coefficients w.r.t f k. □ 


We define k : [0,0] —>■ M by k (a;) = k{0 — x). 

Lemma 3.10 l [Ketp . Consider k,k' : [0,0] —?► R. Then 


Especially, k G LS'C'([0, 1]) i—>■ loga^. and k i—>■ logcr^- o,re convex. LS'C'([0,1]) 
denotes the space of lower semi-continuous functions. 

Corollary 3.11. For t G [0,1] the function G : x LSC{[0, Ij) —>■ RU {oo} given 

by 


G{x,y,K) = log a[}_ -I- cry+e” is convex. 

Proof. We argue like in [EKS151 Lemma 2.11]. Note that 

G{x, y,K) = F{\og -k X, log -k y) 

with F{u,v) = log(e“ -I- e”). Then the assertion follows since F is convex, x !—>■ 
F{u x,v x) is monotone increasing and k i— >■ log (7^+/- is convex. □ 




Remark 3.12. If If G V{LSC{[0,1]), then nn ■ t J K(t)dIl{K) G L5'G([0,1]) by 
Fatou’s Lemma. Hence, if / : LSG{[0, 1]) —>■ R is convex, we obtain 

J /(K)dn(K) < /(Kn). 

For the rest of the article we use the following notation. Let {X, dx) be a 
metric space, and let k : X — ?► R be lower semi-continuous. We set K.y = k o 7 
where 7 : [0,1] —?► X is a constant speed geodesic in X and 7 its unit speed 
reparametrization. We denote with "f~ (t) = 7(1 — t) the reverse parametrization of 
7 , and we also write 7 = 7 +, and k“^+ := k.^-/+. 

Proposition 3.13 ( |Ket| ). Let K : [a, 6 ] —^ R be lower semi-continuous and u : 
[a, b] —>■ R>o be upper semi-continous. Then the following statements are equivalent: 

(i) u" -\- Ku <Q in the distributional sense, that is 

nb nb 

( 6 ) / if"{t)u{t)dt if{t)K{t)u{t)dt 

J a J a 

for any ip G G“ ((a, b)) with f >0. 

(ii) It holds 

(7) u{-j(t)) > {1 - t)u{-f{0))-f tu{-j(l)-\- f g{t,s)K{'j{s))0'^u{-j{s))ds 

Jo 

for any constant speed geodesic 7 : [0,1] —?► [a, 6 ] where 0 =\f\ = L(ff) with 
g{s,t) beeing the Green function of [0,1]. 
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(iii) There is a constant 0 < L < b — a such that 

(8) M(7(i)) > (^')m( 7(0)) + cr^+ (6 »)m(7(1)) 

for any constant speed geodesic 7 : [0,1] —?► [a, b] with 0 = \'f\ = L^-j) < L. 
We use the convention c» • 0 = 0. 

(iv) ^ holds for any constant speed geodesic 7 : [ 0 , 1 ] —?► [a, b]. 

Definition 3.14. Consider a metric space (y, dv.) and a continuous function k : 
y —>■ R. We say a function u : y —[0, 00 ) is nu-concave if for each geodesic 
7 : [0,1] ^ D{u) = {u > 0} 

(9) M( 7 (t)) > cr^]r‘^(L(7))u(7(0)) +cr^‘i(L( 7 ))u( 7 (l)) 

where = k o j : [ 0 ,L( 7 )] —>■ y, 7 is the unit speed reparametrization of 7 and 
D{u) is equipped with the induced metric. 

We say u : Y ^ [0,c») is weakly Ku-concave if for all x,y € D{u) there exists a 
geodesic 7 : [0,1] —y between x and y such that ([9]) holds. To distinguish Kit- 
concavity from weak Kit-concavity we will also say strong nu-convexity. 

Consider a function 5 : y —>■ R U { 00 }. We say S is (weakly) (k, iV)-convex 
if =: Un : Y ^ [0,oo) is (weakly) ^C/ftr-concave. We use the convention 

e“°“ = 0. Again, we will also say that S is strongly (k, N)-convex instead of S is 
(k, A^)-convex. 

Lemma 3.15. Let Y be a metric space as in the previous definition. 

(i) If S is (weakly) {k, N)-convex, then X ■ f is (weakly) (Xk, XN)-convex for 
A > 0. 

(ii) If Si is weakly {ki, Ni)-convex and S 2 is strongly [k 2 , N 2 )-convex, then 
Si-\- S2 '■ D{Si) n 0(82) —>■ [— 00 , 00 ) is weakly (ki -|- K2, Ni -\- N 2 )-convex. 

(iii) If S is (weakly) (n, N)-convex and k' < k and N' > N then S is (weakly) 
(k', N')-convex. 

Proof. Apply Proposition 13.81 and Lemma 13. 101 □ 

Corollary 3.16. If S : Y —>■ (— 00 , 00 ] is a (weakly) (k, N)-convex function then 
S is (weakly) n-convex in the sense that for each geodesic 7 in D{S) (for each pair 
Xo,Xi € D{S) there exists a geodesic 7 : [0,1] —?► y with) 

Si-Jt) < {^-t)S{xo)+tS{xi) - [ g{s,t)dY{xo,XifKO'y{s)dt 

Jo 

for all t G [0,1]. 

Proof. Let us assume that S is (k, A^)-convex. Consider a geodesic 7 . Then (| 6 |) holds 
for u{s) = for k/N instead of k. Multiply with N and let N —>■ 00 . We 

obtain a distributional inequality for S along 7 that characterizes K-convexity. □ 

Remark 3.17. Let {M^Pm) be a Riemannian manifold. A smooth function u : M ^ 
[0,oo) is (weakly) Kit-convex if V^it > nupM and a smooth function / : M —>■ R is 
(k, A^)-convex if V^/ > ^ {df ® df). 
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For a function / : [a, &] —>■ R the right and left derivatives are denoted by 




dt 


/i4.o 


dt ' 


IitO 


We can consider the derivative of the following sense: 




t=0 


(0)e 


if crW/(i-t)( 5 )) < oo 
otherwise. 


Lemma 3.18. Consider k € LSC{[0, L]) and 9 € [0,L] such that *'(0) < oo. 

Then 


( 10 ) 


d+ 

dt 




t=0 


( 0 )t 


and 


d- 

dt 


t=i 




d+ 

dt 


a 

t^o 


(i-t) 

K 




if K is non-decreasing. 


Proof. The distortion coefficients are monotone increasing with respect to 

K and satisfy cr™(I 7 I) = 0 and cr^(I 7 I) = 1 . □ 


Remark 3.19. If erf’{9) < 00 , ^\t=oerf (d) has the following respresentation. 
d+ 

dt t=o 

This follows from 


rW 


(d) = [ — s)9^ko ^{s)af{9)ds1. 

Jo 


/ 9{s,t)d^noi{s)af{9)ds 
Jo 

and ^|t=o 5 (s,t) = (1 - «)■ Similar for ^\t=i(yf{9) 

Lemma 3.20. Let Kn, k : [0,d] —> R be lower semi-continuous such that 

liminf (cc) > k{x). 


Assume that 4 


dt 


\t=ocrf{d), 


dt 


t=o<jf{9) 


< 00 . Then 


( 11 ) 


lim inf —— 
n^oD dt 


i =0 




r(‘) 


t=0 


(d). 


Proof. If K is continuous, then uniform changes of k imply that -^It^o.iejfid) 
changes uniformily by the previous remark. The rest of the proof works as in 
Lemma 13.91 □ 


Lemma 3.21. Let k be continuous and let u € C'^([a,6]). Then u satisfies one of 
the equivalent statements in Proposition \3.1d\ if and only if there exists a constant 
L G (0,6 — a) such that 

(12) ^cr(l>(| 7 |)|t= 0 WO 7 (l) < Acr(‘)(|^|)|j^^yo7(0) + (no7)'(0) 

for any constant speed geodesic 7 : [ 0 ,1] —> [a, b]. 

Proof. Consider ((S]). We add u o 7 ( 0 ) on both sides of the inequality and 

devide by t. 

j (n(7(t)) - u(7(0))) > j (c^l'-"‘’(l7l) - l) uff)) + ^(7^+(|7|)m(7(1)) 
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Taking the limit t —?► 0 yields 

(13) (mo 7)'(0) > (|7l)lt=iM(7(0)) + ^cr^+(l7l)lt=ou(7(l))- 


If K-), > if € K, Lemma [3.181 implies 

||*=o<(|7l)>|l*=oiT«(l7l). 

and similar for (T''^r‘'(| 7 |). Hence 

o 7)'(0) > - c/f (|7 |)m(7(0)) + m(7(1)) 
l7l 

Now, we pick a point r € [a, &]■ Then, for each e > 0 one can pick a geodesic 
7 : [0,1] —>■ [a,b] such that 71 = r and I 7 I = e. If we set minK-y = K^, we can 
deduce exactly like in Lemma 2.2 in [EKSI5) that 

{u o 7 )" < —KfU o 7 

pointwise on [0, e]. Since K{r) for e —>■ 0 and Im( 7 ) r, the result follows. □ 


Lemma 3.22. Let f be a smooth (k, N)-convex function on a Riemannian manifold 
{M,g), and let Um be as in Definition \3.14\ Then, a smooth curve x : [0,oo) —>• M 
is a gradient flow curve of f if and only if for each z G M and all t > 0 we have 
that 

where 7 ® : [ 0 , 1 ] —?► M is the constant speed geodesic between Xg and z. 

Remark 3.23. In the case of constant curvature n the inequality becomes 

C0S^I^{<1m{xs,z)) - ^ siTi^/^{dM{xs, z))-^ dM{xs, z) > 

2N ‘ as Un{xs) 

If K > 0 , we can write 

/ 1 / w 1 fir w Un{z) 

<^K/N{aM[Xs,z)) + c^/^[dM{xs,z)) > —-. 

2k ds UNiXs) 

And similar for k < 0. Using the transformation 

;^s«/Ar(x/2)2 = ^(1 - c^/„(a:)) 

this becomes the evi„_jv formula from |EKS15) . 

Proof. Let Xt be a gradient flow curve of /. Then, by the first variation 

formula we can compute 

_d 
dt 

with Lemma 13.211 the result follows immediately. 

“<^=”: Since k is bounded from below, the backward direction follows from mono¬ 
tonicity of the distortion coefficients and their derivatives like in Lemma 2.4 in 
|EKS15] . □ 


^_^Uiv(7t) = -^UN{xt)gM{'^ f\xt:io) = --^U^{xt)-^dM{xt,zf. 
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Evolution variational inequality in metric spaces. Let (X, dx) be a complete 
and separable metric space, and let / : X —(—c», c»] be a lower semi-continuous 
function. We repeat some definitions from differential calculus on metric spaces. 
The descending slop of / at a; is 


|V /|(a;) := limsup 


[fix) - f{y)] + 

<ixix,y) 


A curve a; ; [a, 6 ] —>■ A is called absolutely continuous if 

(14) dx(a;t,a;s) < 5 (r)dr for all t, s € [a, 6 ] such that s <t 


and some g G L^([a, &]). We say x is locally absolutely continuous if (ITT)) holds 
locally in [a, 6 ]. For an absolutely continuous curve x the metric speed 


|a;|(t) := lim 
h—>-0 


dx(xt+h,xt) 

Ihl 


exists for a.e. t G [a,5] and is the minimal g in (fTTl) . 


Definition 3.24. A locally absolutely continuous curve x : [0, oo) — ?► X with 
a;( 0 ) € A is a gradient flow curve of / starting in x( 0 ) if the energy dissipation 
equality 

1 /■* 

(15) fix{s)) = f{c{t)) + - J (|a;p(r) + |V~/|(a;(r))) dr for all 0 < s < t 
holds. 


Lemma 13.221 motivates the following definition. 


Definition 3.25. Let / be as before. Let k : A —>■ R be a lower semi-continuous 
function, A > 1 and let x : ( 0 , oo) —?► D{f) be a locally absolutely continuous 
curve. We say that Xs is an EVIh,n gradient flow curve of / starting in ccq G A 
if lims_^oXs = a:o, and if for all z G D{f) there exists a constant speed geodesic 
7* : [0,1] —>■ A between Xg and z such that 


- —cr'*! 
dt 


(|7®|)|t=i < OO & —cr^*i ^^(|7®|)|t=0 < oo 


and the evolution variational inequality 


-dvUEs 

2 Nds ^ 




d 

> -r<x^ + 
dt 


/n 


(iri)ii=o 


UNjz) 

UNiXg) 


holds for a.e. s > 0. If A = oo, we say Xg is an EVIi^^oo gradient flow curve of / if 
for all 2 G Dif) there exists a constant speed geodesic 7 ® : [0,1] —)► A between Xg 
and 2 such that 

■^l-dxixg,z)'^ + [ K{Yit))dtdx{xg,z)'^ < f{xg) - f{z) 
ds 2 Jo 

holds for a.e. s > 0 . 


Remark 3.26. The definition of EVIk,,oo for gradient flows already appears [Stu] . 

Lemma 3.27. If {xg)g^[Q oc) is an evi^^N gradient flow curve of f, then it is also 
an eviK'^N' gradient flow curve for any k' < k and N' > N where k' is a lower 
semi-continuous function and N' G [A, 00 ]. 
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Proof. The case N' < oo follows directly from Lemma [3T8l If iV' = oo, we rewrite 
the EVIk n formula as 


— —d (x z)^ - — 
2 Nds ’ dt 


kZ,/n 


(iri) 


■ / (|7*I) 

O'* ' 




> —cr 


(t) 


dt <3/a^ 


{\Y\)\t=o 


Un{z) 

Un{Xs) 


- 1 


If we multiply the inequality with N, we see that the right hand side converges to 
—f{z) + f{xs) for N —>• oo. To see what happens on the left hand side we define 
for fixed s £ ( 0 , oo) 




(j) solves u"{t)d-K{'y{t))/N dx{z,Xg) [4i{t) d- 1 
have the following respresentation 

= 0 with it(0) = m( 1) = 0. Hence, we 

</'(^) = / 9{x,t)K{Y{T))/N dx{z,Xg) 

Jo 


dr 

and 



(t>'{^)=[ - t)k{Y{t))/N dx{z,Xg) 

Jo 


dr. 


If TV —^ oo, we see that (f converges uniformily to 0. Therefore, by the previous 
formula of <)>'(0), N(j)'{0) converges to f^(l — t)k(j^(t)) dx(z, Xsjdr. □ 


Theorem 3.28. Let (X,dx) be a locally compact metric measure space, and let 
f : D{f) —>■ R 6 e lower semi-continuous. Assume that for every xq £ D(f) there 
exists an EVIk,,n gradient flow curve {xs)s^(o,oa) starting in Xq. Then f is strongly 
(k, N)-convex. 


Proof. First, we assume that k : X —>■ R. is continuous. Let c : [0,1] —>■ X be a 
constant speed geodesic, and let c : [0, 0] —>■ X its 1-speed reparametrization. Let 
(5 > 0 be arbitrary. Since (X, dx) is locally compact, we can find h > 0 and points 
ri £ [0,0] for T = 1 ,..., X such that 

- minK|B^^e(^.)) < S 


for each i = 1,...,N. Now, we pick f £ [0,0] and e > 0, and consider 7 = 
cj snch that f ± e £ [ri — h,ri h] for some i = 1,..., N. Its constant speed 

reparametrization is 7 : [0,1] —>■ X. Let Xg be the EVIk,n gradient flow curve 
starting in 7 (^). Then, we obtain 


and 


1 d 

mds' 


,7(0))= 




pt) 


dt 


,/n 


(l7o1)lt=o 


UNiim 

Un{Xs) 


1 . 

-civ Xc 

2 Nds ^ 




> -ro- i 

dt 


/n 


(l7i1)lt=o 


UNhjl)) 

Un{Xs) 


where 7 ? : [0,1] —>■ X i = 0,1 are constant speed geodesics between Xg and 7 ( 1 ). 
Since 7 is a constant speed geodesic, it follows 

idx(7(0),a:s)2 + ^ dx(7(l), ^ dx(7(0), i dx(7(l), 
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and therefore 


l_d 

2 ds 


dx(7(0),a;^)^ + 
s=o 2 as 


s=0 


dx(7(l),a:s)^ > 0 


Together with the previous observation it follows 
d d 


UJ\[ (^Xs ) 


.(t) 


^'-1 ,-(l7i1)|t= 


^0 


> —a 


it) 


dt >^^s/N 


m)\t=oUN{im + /,(l7i1)|i=oC/iv(7(l)) 


Now, let s —>■ 0. Since (X, d^, m^) is locally compact and the length of 7 ® {i = 0,1) 
is uniformity bounded, there exist uniformily converging subsequences of 7 g and 
7 f w.r.t. doo- The limits are denoted by (To and By lower semi-continuity 
of the length function one can see that the composition of ijo and is again a 
geodesic between 7 ( 0 ) and 7 ( 1 ). Its constant speed reparametrization is denoted 
with c : [0,1] —>■ X and its 1-speed reparametrization is denoted with c. By con¬ 
struction we have <^(1) = 7(|)- Note, that |<j| = ||ijo| = |Ki| = I 7 I = 2e and 
Imc C B 2 h{ciri)). 

Recall that bv Lemma lST^ ^ |ncrfT and are lower and upper semi-continuous 

respectively with respect to k (Lemma I3.20|) . Hence 


^^^( 7 ( 5 )) 






( 16 ) 


d 

> —<7 




Now, we use Taylor expansion of the coefficients. Recall from [Ketj that for t fixed 
/ : h i— 7 > cr(,*' (h) is twice differentiable at h = 0 and we have 


(17) 


h € [0, L] !->• [h) = t 


l + -(l-f2)«(0)h2 +o{h^)l. 


If K > tt) > K, then 

o{h^)l < - t^){-K - !£)h^ + 

Therefore, if 7 G t/(X) 


and 


^'^l‘’/;v(l7l)|i=0 > 1 + gK(7(0))|7p + + J^o{\i\%^\t=o 

^'^«.;A(|7I)I‘=o > -1 + ^k( 7(1))|7|2 -f \[k^ - + 4o(|7|2)^(;*|t=o- 


6 


dt 


Now, consider ijq and Let k := minK| 52 h(c(ri)) and k := maxA{|B 2 fe(c(ri))- We 
plug this into (ITCl) : 


;^n(7(|)) 


2 - ^«^(7(0))e^ - ^o(e2)« *li=o - ^K(7(l))e^ - ‘lt=o “ “ 


> 






UNiim 
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Rearranging the terms yields 
2C/v( 7(5)) - ^Jv(7e(0)) - Ujv(%(l)) 

— Kl'yl — 

In terms of the geodesic c this is 


> -C/Ar(7(-))e 


^ ^«:(7(0)) + ^k(7(1)) 


- ^^(7(i))e^C/Ai(7.(0)) 


- ^«:(7(^))e^C^v(7e(l)) + o(e^) + -(k - k)(? UN(n{l)) + Un{i{Q)) + 2Un{i{^)) 


2{7Ar(c(f)) - UN{c{f - e)) - C/Ar(c(f + e)) 

> -C/Ar(c(f)) 


^K{c{r - e))e^ + ^K{c{f + e))e'^ 


- \'^{c{f))e^UN{c{f - e)) - ^K{c{f))e^UN{c{f + e)) + o(e) 

6 6 

+ [t^A(c(r - e)) + UNic{f + e)) + 2C/7v(c(f))] . 

Deviding by > 0, multiplication with (p G C'“((0, 9)) such that </> > 0, integration 
with respect to f, a change of variables and taking the limit e —>■ 0 yields 


(18) [ UN{c{t))(p"{t)dt < [ [K{t) + ^S]UN{c{t))(j){t)dt. 

Jo Jo 'J 

Recall that is upper semi-continuous. Since <5 was arbitrary, the theorem follows 
from the characterization result of Proposition 13.131 

Finally, if k : X —>■ K is lower semi-continuous, we choose f ^ pointwise for 
Kn bounded and continuous. By monotonicity the assumptions are satisfied for 
instead of k for each n G R. Hence, we can apply the first part of the proof, and we 
obtain (fTSl) foe k„. But by the theorem of monotone convergence, this differential 
inequality still holds for k. □ 


Corollary 3.29. If is a Riemannian manifold, f G C^(M) and n G C{M), 

the following statements are equivalent 

(i) For every xq G D{f) there exists an EVIk,n gradient flow curve {xs)s&(o,oo) 
starting in xq- 

(ii) / is (k, N)-convex. 


4. Reduced and entropic curvature dimension condition 

In this section we introduce an entropic curvature-dimension condition for metric 
measure spaces and semi-continuous lower curvature bound k. For this purpose we 
will apply the results of the previous section in the following context. 

For yi gV 2 {,X) we dehne the relative entropy by 

Ent(/r) := J p\ogpduix 

iip G 'P{mx) and (plogp)+ is integrable. Otherwise, wesetEnt(/r) = oo. Moreover, 
for N G (0, oo) we introduce the functional Un ■ 'P 2 {X) —t [0, oo] by 

Ux{p) ■■= exp (-i Ent(/x)) . 
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If we assume the following volume growth condition 

(19) J <oo 

it is well known that Ent does not take the value — oo on 'P 2 {X) and Ent is lower 
semi-continuous with respect to W 2 . 

Definition 4.1. A metric measure space {X, dx, m^) satifies the entropic curvature- 
dimension condition CD^{k, N) for some lower semi-continuous function k and 
iV > 0 if for any pair p.o,pLi € D(Ent) with compact support there exists a L^- 
Wasserstein geodesic 11 connection po and pi such that for all t € [0,1] 

(20) UNipt) > n'^-;„(0)t/N(f^o) + a^i^^ie)UNipi) 

where (et)*n = p^, O = W 2 ipo,pi) and 

Kn{te) = -^ J K(et(7)l7prfn(7). 

Recall that Kn is lower semi-continuous by Remark 13.121 If (l20ll holds for any 
geodesic 11 G V[Q[X)) we say that (A,dx,mx) is a strong CD‘^{k,N) space, p G 
iD(Ent) implies that p G P 2 (mx)- 

Remark 4.2. The coefficient cr^n/x)©) solves v"{t)-\-f K(et(j))/Xljl^dn(j)v(t) = 0. 
Therefore, we can write o'^ne^/w 

Remark 4.3. The entropic curvature-dimension condition is not (iG, A)-convexity 
of Uff for some function K on V 2 {X). More precisely, it is (kh, A)-convexity on 
Wasserstein geodesics 11 where Kn depends on the geodesic 11. 

Lemma 4.4. Let (A, dx,mx) he a metric measure spaee, and let k be lower semi- 
eontinuous. Then 

liminf cr**’ /„(0) > n'*’ /„(©) for each t G [0,1] 
if Hi converges weakly to 11. 

Proof. One can easily check that for each t G [0,1] 11 i—>■ f «;( 7 (t))| 7 p(in( 7 ) = 
Kn(t0)0^ is lower semi-continuous w.r.t. weak convergence. Then, the statement 
follows from Lemma [3.91 □ 

Lemma 4.5. Let (A, dx,mx) be a metric measure spaee satisfying CD‘^{k, N) for 
some lower semi-eontinuous k and A > 0. 

(i) If k' is admissible with k' < k and N' > N, then (A, dx,mx) satisfies 
CD^{k',N). 

In particular, (A, dx,mx) satisfies CD{k,oo) in the sense of |Stu] . 

(ii) Let V : X ^ M. be a measurable function that is bounded from below and 
that is (k', N')-eonvex in sense of Definition \37l^ for some admissible k! 
and N' > 0. 
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Proof, (i) The first part is an immediate consequence of Proposition 13.81 The 
second part follows by monotonicity in iV > 0. Consider 


(1 — t) Ent(^o) + t Ent(^i) — Ent(^t) 


N- 

< lim 
N—^oo . 


feie)-(!-<)) » + (<!,ye)-')" 




= :v{t) 

For large N the function v solves 


«^(et(7))l7pt^n(7) < 0. 


Therefore the RHS in (1^ is smaller or equal than f K(et( 7 ))| 7 pdn( 7 ). 

(ii) We define V : 'P 2 {X) (— 00 , 00 ] by V{^) = JVdfi. We show that V is 

(k', iV')-convex. Recall that by Lemma 13.111 a : {x,y,K) H> log + cr^+e^^ 

is convex. Hence, if H is a geodesic in 'P 2 {X), then 

= -wJ ^(et(7))rfn(7) 

> / <?(-i^neo(7)),-i^nei(7)),«;i7lVA'')^n(7) 

> 9 {-w^ido), -^F(/ri), . 

After taking the exponential this (a', A^')-convexity of V. Finally, since by lower 
boundedness of V we have 7^(e“^mx) C Virux), and since Ente-Vi„x(M) = 
Entnix id) + V{y,), we obtain the result by Lemma 13.151 □ 


Definition 4.6 (Minkowski content). Consider xq G X and Br{xo) C X. Set 
v{r) = Tax{Br{xo)). The Minkowski content of dBr{xo) (the r-sphere around Xq) 
is defined as 

s(r) := lim sup i mx{Br+s{xo)\Br{xo)). 

<5^0 0 

Theorem 4.7. Assume {X, dx, m^) satisfies CD'^{k, N) for a lower semi-continuous 
function k and N G [l,oo). Then, (AT, dx) is a proper metric space, each bounded 
set has finite measure and satisfies a doubling property, and either mix is supported 
by one point or all points and all sphere have mass 0. 

In particular, if N > 1 then for each xq G X, for all 0 < r < R and k G K such 
that K|BR(a;ij) > K O'Tid R < TT^JN/k V 0, we have 

(22) g(0 ^ ^ uixiBrixo) ^ Jo sin^/xtdt 

s{R) sim^^^R mx{Bji{xo) sim^^^tdt 

IfN = landK<0, then > 1 and 


Proof. Theorem follows as in the proof of Theorem 5.3 in [Ket] . 


□ 
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Remark 4.8. The estimates in the previous theorem are not sharp. Though, it is 
enough to prove that {X, dx, mx) satisfies a doubling property and has finite Haus- 
dorfF dimension bounded from above by N. See Corollary 5.4, Corollary 5.5 in |Ket] 
for the proofs. The entropic curvature-dimension condition CD^{k, N) yields that 
(suppmxjdx) is a length space. Therefore, by local compactness and completness 
it is geodesic, and therefore 7^2(suppmx) is geodesic as well. Additionally, if k is 
bounded from below, the volume growth estimate (1221) implies that 

J dmx{x) < oo 

for some point p G X and c > 0, and in particular, Ent > — oo. 

Recall that a sequence of (X^, dx^, mxJieN with mx^(Xi) < oo converges in Gro¬ 
mov sense to a metric measure space (X, dx, mx) if there exists a metric space 
(Z,dz) and isometric embeddings 6i, 6 : —>■ Z for i G N such that ( 4 )*mx^ 

converges weakly to (i)* mx. This can be equivalently defined in terms of Sturm’s 
transportation distance D (see |Stu06a] b 

Definition 4.9. Let (X^, dx-, mxJieN be metric measure spaces converging in Gro¬ 
mov sense to a metric measure space (X, dx,mx). Let k : X^, X —> M be lower 
semi-continuous functions. We say 

lim inf Ki> n 

i—¥oo 

if for each p > Q there exists f,, G N such that Hi{x) > K{fi{x)) — rj if i > irj for each 
X G Xi- We say (ni) converges uniformity to n if for each rj > 0 there exists d and 
irj GN such that \Ki{x) — K{y)\ < rj if i > and dz{x,y) < 6. 

Theorem 4.10. Let (Xj, dx^, mxJigN be a sequence of metric measure spaces sat¬ 
isfying the condition CD^{K,i,Ni) respectively for lower semi-continuous functions 
Ki and Ni G [l,oo). Assume (Xi,dx^,mxJ converges to a metric measure space 
(X, dx,mx) in Gromov sense, and consider an admissible function k : X —>■ M and 
N G [l,oo) such that 

(23) lim inf Ki> k> K & lim sup < N 

i >-00 2 

Then (X,dx,mx) satisfies CD^{k,N). 

Proof. Since mx^ and mx are finite, the Entropy functional on V 2 {Z) is lower semi- 
continuous. Then, the proof is the same as the proof of corresponding stability 
results in |GMS] . The only additional information one needs is that 

limmf J Ki(7(t))|7pdn*(7) > J K{j{t))\'y\^dll{'y) 

if (ni)igN with flj G P(C/(Xj)) converges weakly in V{Q{Z) to If G V{G{X)). Then, 
we can apply Lemma 13.91 to obtain the result. □ 


Definition 4.11 ( |Ket ) ). Consider a lower semi-continuous function k : X —>■ R, 
and let X G R. with X > 1. (X, dx,mx) satisfies the reduced curvature-dimension 
condition CD*(k, N) if and only if for each pair G P 2 (X, mx) with bounded 

support there exists a dynamical optimal coupling If of t'o = godnix and = 
gidm.x and a geodesic (i^t)te[o,i] C 7^2(X,mx), such that 


( 24 ) SN'{r't) < 


(eo(7))' 




dn(7) 
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for all t G [0,1] and all N' > N. 

Definition 4.12. We say that a metric measure space (X, dx,m;^) is essentially 
non-branching if for any optimal dynamcial plan 11 G V{G{X)) between absolutely 
continuous probability measures is supported on set of non-branching geodesics. 
More precisely, there exists A C G{X) such that n(A) = 1 and for all 7 , 7 ' € A we 
have the following property 

7 (t) = 7 '(t) for all t G [0, e] for some e > 0 7 = 7 '. 

Lemma 4.13 1 [EKS15] 1. Let (X, dx,mx) be an essentially non-branching metric 
measure space, and let 11 be an optimal dynamical coupling. Assume 11 = X]r=i 
for optimal dynamical couplings 11^. If (eo)*!!^ are mutually singular, then the 
family is mutually singular as well. 


Theorem 4.14. Let (X,d^jm^) be an essentially non-branching metric measure 
space, and let k be a lower semi-continuous function and N > 1. Then the following 
statements are equivalent. 

(i) (X,dx,mx) satisfies CD*{k,N). 

(ii) For each pair fiQ, /ii G P 2 (inx) with bounded support there exists an optimal 
dynamical transference plan II with (et)*n G V 2 {ro.x) such that 

(25) Qt{lt)~^ > 

for all t G [0,1] and Il-a.e. 7 G GiX). Qt is the density of the push-forward 
of n under the map 7 1 —>■ 74 . 

(hi) {X,dx,mx) satisfies CD‘^{k,N). 


Proof, “(i) (ii)”: The same equivalence was shown in [Ketj for the curvature- 

dimension condition CD{k,N) provided (X, dx,mx) is a non-branching metric 
measure space, and it is obvious that same proof also works for the condition 
CD*{k,N). If we assume that (X, dx,mx) is essentially non-branching, we can 
apply the same proof using Lemma 14.131 (Compare also with Theorem 3.12 in 
lEKSIhp 

“(ii) (hi)”: By the same argument as in [BSIOl Lemma 2.II] one can show 

that the statement (ii) holds for all G 7 ^ 2 (nix)- Now, let II be an optimal 

dynamical plan between and pi satisfying (1251) . It follows 


(26) 


-^logpt( 7 t) > log 






-4/x(l7l)^^i(7i) ^ 

Again, Lemma [3.111 savs that gt : {x,y,K,) >->• log (-I-+ ) 

_ \ K-y / 

Therefore, integrating (E51) with respect to II and applying Jensen’s inequality yields 


IS convex. 


1 

N 


Ent(^t) 


> gt 


Ent(/ro), 


1 

X 


Ent(/ri), 


K(et(7)/X|7|2dn^ . 


Hence, statement (hi) follows by taking the exponential on both sides. 

“(ih) =)> (ii)”: We roughly follow the argument in the proof of [EKSISI Theorem 
3.12]. Let /ro,/ri G P 2 (inx) be with bounded support, and let H be an optimal 
dynamical coupling between ^0 and yti. Let be an ("l-stable generator of 

the Borel cr-field of (X, dx) . Eor each n we dehne a disjoint covering of X of 2” 
sets by Lj = f|igj Mi n niej'= where / C {1,..., n}. 
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We fix n, and we define Aij = {7 £ G{X) : (7(0),7(1)) £ Li x Lj} for i,j = 
and probability measures for t = 0,1 pro¬ 

vided n(Aij) > 0 . By (iii) there are optimal dynamical plan 11*^ between and 
such that (1^ holds, and are absolutely continuous w.r.t. m^. 

Then, we define an optimal dynamical coupling between ^0 and by 

2" 

n" = ^ 

ij = l 


Since are absolutely continuous, = (et)*!!” is absolutely continuous as well, 
and since the measures are mutually singular, = pl'^dmx are mutually 
singular as well by Lemma [4.131 Therefore, p" = Pt\Aij = 

Il{Aij)pl’L Hence, ( 1 ^ becomes after taking logarithms (set ^ — = atj) 




logpr((et)7)rfn"(7) 


(27) > gt 


^^,3 Ia Poieo{'j))d]l'^ -a^ j K{{et)-f)\jf dlT' 


(7) 


Since po, pi have bounded support, all measure under consideration are supported 
by a common compact subsets in X and G{X) respectively independent of n. There¬ 
fore, up to extraction of subsequences Prohorov’s yields that H" converges weakly 
to a dynamical coupling H £ V{G{X)) that is optimal by lower semi-continuity of 
the Wasserstein distance under weak convergence. 

Now, note that the relative Entropy Ent^^j^ |et(Ai j) is lower semi-continuous. First, 
this implies that we can pass to the limit in the LHS of (E 71 ) for n —>■ 00. Second, 
by Lemma [4^ 

liminf a-*'^ > cr(*^ 

n-s-oo ” 


where k{t) := K((et)7)|7pc?n(7). Hence, (l? 7 l) also holds if we replace H" by H. 

Finally, by convexity of gt and Jensen’s inequality (I27|) also holds when we replace 
Aij by A where H is a disjoint union of sets Aij for i,j £ {!,..., 2”} and n £ N. 
Therefore, (1271) holds for any set in the D-stable generatore, and consequently the 
inequality holds for H-a.e. 7. □ 


5. Riemannian curvature-dimension condition 

Let {X, dx, mx) be a metric measure space. We will briefly repeat some concepts 
for calculus on metric measure spaces. For any function u : —>■ IR. in L^(mx) the 
Cheeger energy Ch^(it) can be defined by 

Ch^(u) = iinf J {Lip Uhf duix : \\uh - u\\L^(^n,x) ® 

The L^-Sobolev space is given by Z)(Ch^) = {u £ L^(mx) : Ch^(u) < 00}. An 
important fact is that Ch is not a quadratic form in general. 

Definition 5.1. We say that a metric measure space (X, dx,nix) is infinetimally 
Hilbertian if the associated Cheeger enegery is quadratic. 
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Definition 5.2. Let (X, dx,nix) be a metric measure space, and let k : X —>■ 
K be lower semi-continuous and bounded from below. We say that (X, dx,nix) 
satisfies the Riemannian curvature-dimension condition RCD*{k,N) for X > 1 if 
(^,cl^ ,m^) is infinitesimally Hilbertian and satisfies the condition CD‘^{k,N). 

In [AGS 13] the authors show that Ch^ can be represented by 

(28) Ch^(M) = i [ \Vu\ldm^ ii u G D{Ch) 

and - 1-00 otherwise where |Vm|u, : X —[0,oo] is Borel measurable and called the 
minimal weak upper gradient of u. 

In particular, Ch^ is convex and lower semi-continuous. This allows to define 
a Laplacian on L‘^{mx) as the L^-norm subdifferential of Ch^. is not a 
linear operator in general. Still, the classical theory of gradient flows of convex 
functionals in Hilbert spaces yields that for any / G L^(mx) there is a unique, 
locally absolutely continuous flow curve {ft)t>o starting at / such that 

^ft = Lft foralH>0. 
at 

On the other hand, one can study the metric gradient flow of the relative entropy 
Ent in P 2 (X) in the sense of the energy dissipation inequality (fTSl) . In [AGS14a] the 
authors prove that for any ^ G D(Ent) there exists a unique gradient flow curve in 
this sense provided the metric measure space satisfies a curvature bound condition 
in the sense of Lott, Sturm and Villani. This also gives a semi-group TLt on 7^2 (X). 
Then, the main result in [AGS14a] is the following indentihcation between the two 
gradiend flows. 

Theorem 5.3. Let (X,dx,m;,f) be a CD{K,oo) space and let f G L‘^{mx) such 
that dpL = fduix G V 2 {X). Then dHtfJ. = (Pt/)dnix ■ 


Definition 5.4. We say that a metric measure space (X,dx,mx) satisfies the 
evolution-variational inequality - EVI^^x - for some lower semi-continuous function 
K : X —>■ M and X > 1 if for every JI G V 2 {X) there exists a curve (Ai®)se(o,oo) in 
£)(Ent) with lims_>.o = JI, and for each s > 0 and each i/ G 'P 2 {X) there exists a 
geodesic H'* G V{Q{X)) between /r® and u such that 


dt 


t=i 




and 


d 

dt 


t—0 


m < 


for each s > 0 and 


I d 1 
'Nds2 


W2{,ti\uf 


d 

dt 


t=l 


m> 


dt 


t=o 


(0«) 


Un[i^) 

UN^ii^y 


where 0® = IL 2 (/.t®,u). We also say that /x® is a L'^-Wasserstein EVIk.^n gradient 
flow curve. 


Remark 5.5. In jStuj Sturm makes the following definition. We say that a metric 
measure space (X, dx,mx) satisfies EVIk,oo if for every JI G V 2 [X) there exists a 
curve (/i®)se(o,oo) in D(Ent) and H® G 'P{G{X)) between /i® and u as in Definition 
15.41 such that 


(29) 


1 d 

2 ds 


W2[tiyyf 


f (I — t)Kno(t0®)dt 

JO 


W 2 (^®,u)^ < Ent(^®) — Ent(z/) 
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holds for a.e. t > 0 where 0® := VF 2 (/r®, i^). is a L^-Wasserstein EVIk,oo gradient 
flow curve. 

Remark 5.6. The implications of Lemma l3.27l hold as well on the level of Wasserstein 
gradient flows. In particular EVIk,n implies EVIk,,oc- 

Theorem 5.7. Let (X, dx,mx) be a metric measure spaee with supp uix = X, and 
let K be a lower semi-continuous function with k > K G and N > 1. Then the 
following tree statements are equivalent: 

(i) (^,dx , m^) is infinitesimally Hilbertian and satisfies CD*{k,N). 

(ii) (X, dx,mx) is infinitesimally Hilbertian and satisfies CD‘^{k^ N). 

(hi) (X, dx, mx) is a length spaee that satisfies the volume growth condition If .91) 
and EVIk,n- 

Proof, “(i) (ii)”: Both conditions - CD*{k,N) and CD^{k, N) - imply a condi¬ 

tion CD{K, oo) (see also |Ket) V Therefore, from [AG SI 4b) follows that (X, dx, mx) 
satisfies EVIk- Hence, (X, dx,mx) is essentially non-branching by |RS14) . and 
Theorem 14.141 yields the equivalence of CD*{k,N) and CD^{k,N). 

“(ii) ^ (hi)”: By Remark (14.8L (X, dx) is a geodesic space that satisfies the volume 
growth condition (fT^ . Therefore, since CD^{k, N) implies CD{K, oo) the main re¬ 
sult of [AGS 14b] yields the existence of AHJif-gradient flow curves. Additionally, 
in [AGMR15] the authors prove that for “good” geodesics pit in V 2 {X), one has 

'^\w2{l^l,l^if < ^Ent(/it) 
as 2 dt t=o 

But (X, dx,mx) already satisfies CD{K,oo) and has a quadratic Cheeger energy. 
Hence, it satisfies the condition RCD{K, oo) in the sense of [AGS 14b] . Wasserstein 
geodesics in T’ 2 (j^x) Eire unique, and therefore are good geodesic in the sense of 
[AGMR15] . Then, we can copy the proof of Lemma 13.221 


‘(ih) ^ (ii)”: Since k is bounded from below and by monotonicity of 


dt 


dt 


r(*) 




( 0 ) 


(X, dx, mx) already satisfies EVIk, and consequently it is infinitesimally Hilbertian 
by [AGS 14a.) . 


We will prove the entropic curvature-dimension condition CD^{k^ N) following the 
proof of Theorem 13.281 But, recall that the entropic curvature dimension condition 
for variable k is not just (/c, X)-convexity of the entropy. 

First, assume k is contiuous on X. Pick a L^-Wasserstein geodesic H in V{G{X)) 
and let (et)*n = pf Let p : [0, 0] —>■ X its 1-speed reparametrization. Note 
that «;n(t0)0^ =: Xn(t) is just lower semi-continuous. Therefore we replace it 
by functions Ku.n ■ [0,1] —^ M that are continuous monotone non-decreasing and 
converge pointwise to Ku- Let <5 > 0 be arbitrary. Since Xn,n is continuous, we 
have that Xn.«(•/©) is uniformity continous on [0,0]. Hence, we can find h > 0 
and points rt G [0, 0] for * = 1 ,..., X such that 


maxXn|B2;.(ri) - minXn|B2h(n) < b 
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for each i = Now, we pick f G [0,0] and e > 0, and consider 7 = 

p\[f-e,f+e] such that f ±e G [r, — h,n + h] for some i = 1,..., N. Its constant speed 
reparametrization is 7 : [0,1] — V 2 {X). Let u® be the EVIk,n gradient flow curve 

starting in /i 1 . Then, we obtain 
2 


0 


S<l/deS)l-=» 

0 


t/iv(7(0)) 

Un{p^^) 


where fig and flf are geodesics between (eo)*n and u®, and (ei)*n and u® respec¬ 
tively, and 0g = W 2 ((eo)*n, u®) and 0f = W 2 ((ei)*n, u®). Local compactness of 
X yields weak convergence of Llgy^ for s —>• 0. 

By lower seinl-contlnulty of the L^-Wassersteln distance the limits Bq and Hi are 
geodesic between (eo)*n and (ef)*n, and (ei)*n and (ef)*n respectively. Addi¬ 
tionally, the lower semi-continuity yields that the concatenation of the geodesics Ho 
and n]" as absolutely continuous curves in V 2 {X) w.r.t. W 2 is a geodesic as well. 
But we know that X already satisfies a condition RCD*{K, 00 ) for some K. Hence, 
L^-Wasserstein geodesics between absolutely continuous probability measures are 
unique, and therefore we have H = H. 

As in the proof of Theorem 13.281 we obtain a weak differential Inequality for Un 
along n, ATn.n and <5. By standard convergence results and monotonlclty properties 
the statement follows as In the proof of Theorem 13.281 □ 


Theorem 5.8. Let (X^, dx^ , m^JigN be a sequence of metric measure spaces with 
tux- < 00 converging in Gromov sense to a metric measure space (X,dx,mx). Let 
Ki : Xi —> K 6 e lower semi-continuous functions such that (Xi,dx^,mxJ satisfies 
the condition RCD*{Ki, Ni). Additionally, consider an admissible function k : X —>■ 
M and X G [l,oo) such that 

(30) lim inf Ki > k > K G M. & lim sup Ni < N 

Then (X, dx,mx) satisfies the condition RCD*{k, N). 

Proof. Since Ki and k are bounded from below by a constant K, (X, dx, mx) already 
satisfies the condition ROD* {K, N). Then, by combination of Theorem 14.101 and 
Theorem 15.71 the result follows. □ 


Corollary 5.9. Let {Mi, g^Ji^n be a family of compact Riemannian manifolds 
such that t'iCm- > Ki & dlm^; < N where Ki : Mi —>■ M is a family of equi- 
continuous functions such that Ki > —C for some C > 0. There exists subsequence 
0 /(Mi, dxf^, voljvfi) that converges in measured Gromov-Hausdorff sense to a metric 
measure space (X, dx,mx), and there exists a subsequence of Ki such that lim Ki = 
K. Then X satisfies the condition RCD*{k,N). 

Proof. Since there is uniform lower bound for the Ricci curvature, Gromov’s com¬ 
pactness theorem yields a converging subsequence. Then, Gromov’s Arzela-Ascoli 
theorem also yields a unlformlly converging subsequence of Ki with limit k. Finally, 
if we apply the previous stability theorem, we obtain the result. □ 
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6. Wasserstein contraction 

From EVIk .^00 one can deduce easily a Wasserstein contraction estimate. 

Theorem 6.1. Let (X, dx,mx) be a metric measure spaces satisfying EVIk,n 
where k : X —^ R is lower semi-continuous. Consider Wasserstein EVIgradient 
flow curves /r® and with initial measures p and v. Let 11® be the L^-Wasserstein 
geodesic between ^® and i^®. Then the following contraction estimate holds 

d'^, 


ds 


W2{ps,Vs)'^ < -2 j y «;(7(t))|7p(in(7)®dt. 


Proof. Note that by lower semi-conitnuity of k (X,dx,mx) satisfies a condition 
RCD*{K, N) for some constant K. In particular, Wasserstein geodesics between 
measures in P^(mx) are unique. Consider so,si G [0,oo). In (1^ we set /r® = /r® 
and v = 12 ®^. Integration from sq to si in s yields 

-^W2{psoWsJ^ + J {l-t)Kn^{tQ’')dt W2{p\p"^fds 

< [Ent(^so) “ Ent(i^sJ] (si - Sq) 

where 11® is the optimal dynamical plan between ^® and v. We used that Ent is 
monotone decreasing along gradient flow curves. Similar, if we put v = /r®° and 
jy® = and integrate again from sq to si, then we obtain 


^W2{pso,l'si)^ - ^W2{pso,l'sof + y (l-t)Kn<»(t0®)dt 


W2(/i®«,zy®)^ds 


So 1.10 

< (Ent(jyso) - Ent(^so))(si - So) 

where n® is the optimal dynamical plan between ly® and /i®“. Adding the last two 
inequalities, deviding by si — sq and letting si —?► sq yields 

— \so7;W2{PsWsf 


ds 

< 


— f {1 — t)K„-!o{t<d‘‘°)dt — ( (1 — t)Kn'>0 

Jo Jo 


W2{psoWsof- 


Since there is a unique optimal dynamical plan between iy®“ and /i®“, we have that 
n®“ =2®“’“. Therefore 

/ {1 — t)K„oo{tQ‘^°)dt = f (1 — t)/tn«o ((1 — t)0®°)dt = f tK„«o{tQ'^°)dt 

Jo Jo Jo 

- f K„.{tQ‘^)dt W2{ps,i^s)'^ = - [ /'K(7(t))|7pdn(7)®dt. 
Jo . Jo J 


Hence 
d+ 1 


ds 2 


W2iPs,l^s) < 


□ 


Remark 6.2. Following the same lines as in the proof of previous theorem one 
obtains the following. If (X, dx) is a locally compact complete length space with 
unique geodesics and a K-convex function / : X —>■ [0, c»), we can deduce 

/-i 

— dx{,Xs,ysf<-2 / K(7®(t))dtdx(a;o,2/Q)^ 

ds jQ 
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where Xs and ys are i^^/K-gradient flow curves of /. Then, an application of 
Gromwall’s lemma yields 

dx{xs,ysf < e~‘^ ^0 fo dx{xo,yof ■ 

The case N < oo. First, we deduce a contraction estimate for ijy/K^^v-gradient 
flow curves Xs and j/s for / on a metric space (X, dx) as in the previous remark. 
Consider 

and rewrite as follows 


1^1/ \2 

—+- 






(31) 




^ Un{z) 
UNiXs)_ 


w solves w" + 17*1^^10 = 0 with u>(0) = ^(l) = 1. Therefore 


d_ 

dt 


(l7l) + a<‘i , (iri) 




/ (1-r) 
Jo 


K(7(r)) 


N 






dr |7p 


Hence, we can rewrite the left hand side of (l3T|l as follows 


— So a-y‘ds^ r /* 2Na^,ds i / V 

2iV® ds r 


Then (1^ becomes 
1 d 


2N ds 


g2 A /jf a^s dx (a;^, -^o “r- ds - 17 


s«+./«(l7l) 

O'* ' 


^ Un{z) 
UNiXs) 


and integration with respect to s from si to S 2 yields 
clRz...- T dRz.. ,z)' < / 

Since s i-A -^ 


r^2Nj:^a,sds in 

7 Un{z) 1 

■'Si ®k+s/x(I7I) 

Un{Xs)_ 


is continuous, and since is increasing w.r.t. Xs, the right 
hand side can be estimated by 


+/xHtI) 


ir 


< max , 

sG[si,S 2 ] Sk+3/x(|7 |) Jsi 

'-' 

It follows 

^7 (51,52)77^0^^ < M ^{ si , S 2 ) 


2Nf'’a^sds, ■ I 7 ® 

e "1 ds — mm 


'>ebi.s2] s^+ /x(|7|) 

O'® / 


pS2 

W)Js, 


2N [“ a^sds Un{z) 

Un{Xs2 ) 


ds. 


■m~,(si,S2) 


Un{^ 


7 

J Si 


2N / e ^^^2 


2N a~ysds 


dx{Xs2,zf + 


7VT- / 2N r® a^sds 

2N / e ■'“1 ^ 


dx(a:si,z)^ 


ds. 
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Consider gradient flow curves Xa and tja and choose A, r > 0. We apply the previous 
inequality for z = yx-ir and si = \r and S 2 = A(r + e) for some e > 0. 

mj{Xr, A(r + e)) < M^(\r, A(r + e)) 


+ 


2N 


2N 


|.A(r+e) 

/ 

I\r 

pXir+e) 
' Xr 


U]\[ ) 

a^sds 


(^A(r+e): UX-^r) 




-1 


dxixxr,y\-irf 


And similar If we switch the roles of Xg and j/s, and if we set z = xx{r+e) and 
Si = A“^r, S 2 = A“^(r + e). 

m;y{X~^r, X~^{r + e)) A(r+e)) ^ M^{X~^r, X~^{r + e)) 


2N 


UN{yx-^{r+e)) 

a^sds 


2N 


L 


X~^r 

A-i(r+e) 

A~^r‘ 


dx(2/A-i (r+e); ^A(r+e)) 


J^_^^a;ysds 


dx(yA-i r: ^\{r+e)) 


where 7 ® is the geodesic between y® and z. We set 


/•A(j-+e) ,, , N 

/ -2Af r^T+') a^sds \ / 2N ff a^sds / \ 

/ e ■'o ^ =: e(A, e, —a-yo), / e ^ =: e(A, e, j. 

Jxr Jxr 

If we multiply the resulting two formulas, take sqareroots and use Young’s Inequality 
2 a/^ < Ao + X~^b for A as before, we obtain 


A(r+e) 


2jV2WTO^(Ar,A(r + e)) m^(A W,A + e)) 

y UN{yX-l{r+e)) 

< 2N [M^(Ar,A(r+ e))A-^ +M^(A-V,A-^(r + e))A] 

A-i A 


+ dx(2/A — 1 ^, 2^A(r+£)) 
+ dx(xx r; VX-^rf 


e(A ^,e, a^y*) e(A, e, —a-y«) 
A A-i 


e(A,e,a-ys) e(A ^, 6 , —a^ys) 


A-ie 


1 

e(A“^, e, —e 
Now, let e —>■ 0. First, note that 


[dx(yA~^(r+e)j ^A(r+€)) dx (yA“^r; ^Ar) ] ■ 


and 


A- 


e(A i,e,-a^<.) 
A 


e(A ^,e, a.ys) e(A, e, — 

A _ A-^ 

e(A, e,a.yA e(A“^, e, —a.y«) 


-N{X + Xa Xr) 


—^ — N(^X a~x — lr d~ Xa^Xr) 
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Also note, that 


m-y(Ar, A(r + e)), M,y(Ar, A(r + e)) —?> 


|7 


Xr I 


7"''’’ is the unique geodesic between x\r and y\-ir- Therefore 7"''’’ = (7^ And 

since 


= (1-t) 


t(7(T)) 


N 


a 


(l-x) 




N 


,(1-0 

K /N ' '' 


(ir n)+<^ 1) 


(O 


(l7"''l) 


dr 


dr 


we obtain, that 


N 


\CL^\r A (2~\—1 

I '7'^ 


= / «^(7(t)) 

Jo 


((l-r)A + rA i) 


,.(i-t) /U,Ar 


(irl) 


,(i7"n) 


dr =: bry\T 


Therefore, if we set g{r) = dx(?/A-iri a^Ar)^, we obtain 
^9(r) < -2b^xrg{r) 


+ 2 N 


(-1 


or equivalently 
( 32 ) 


It 


Xr I 


dr ‘ 


5(r) < - 2 b xrg{r) -h 2 N 




Remark 6 . 3 . If we set A = 1 , this becomes 

r*l 


■^d^{ys,Xsf <-2 J k ( 7 ( t )) 






(irl) 


( 33 ) 


2 N 


S (17l) - \/ S L=n^l - (17l) 




dr dx{ys,Xsf 
2 


dt 11_0 K-v 


If = X is constant, then (| 3 o|) simplifies to 


d 

-^dx{ys,Xsf < -2KJ [a^^-^'’{dx{xs,ys))+cr^K/Nidx{xs,ys))]dTdx{ys,Xsf 


And if —>■ oo, ( 1551 ) becomes 


_d 

dr 


dxiys,XsY < -2 / K{'^{T))dTdx{ys,Xsf 
JO 


If A 1 , the second term in the right hand side in ( 1551 ) tends to cx) for A^ —)► cx). 

If we follow the same reasoning, in the context of Wasserstein £T 7 /„_;„-gradient 
flow curves for a compact metric measure spaces, we obtain the next theorem. 
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Theorem 6.4. Let (X,dx,nix) be a compact metric measure spaces satisfying 
the condition RCD*{k, N) where n : X ^ M. is lower semi-continuous. Consider 
Wasserstein EVIgradient flow curves and with initial measures p, and v. 
Let A,r > 0. Then the following contraction estimate holds 




dr 


< -2 / ,(T,(r)) [((1 - r)A + rA-') 


dr 


(34) 


2N 




'dt\t=0^K+. el In 

nAr Ar/ 


-.A 


,_1 d 




dt\t=0^K.-. 02 /n 

nAr Ar/ 


where is the unique L'^-Wasserstein geodesic between /i^’’ 


and 


Remark 6.5. If we consider k = K constant, in the limit W 2 {poWo) 0 the right 
hand side of (IMll is 


(35) 


-is:(A +A"^) W 2 {po,iyof +2N [Vx-y/^ 


That is the same assymptotic behaviour as the corresponding contraction estimates 
in |EKS15| (Remark 2.201 or in |Kuw m. Hence, in Wasserstein space context 
with constant lower curvature bound our estimate yields the corresponding Bakry- 
Ledoux gradient estimate [EKS151 IKuwl5l IBL06] . 
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